Abstract. In this paper, we consider a de cient production system with permissible shortages. The production system consists in a unique machine that manufactures a number of products with a part being imperfect in the form of rework or scrap. These defective products are identi ed by 100% inspection during production; then, they are whether reworked or disposed of after normal production process. Like real-world production systems, there are diverse types of errors creating dissimilar breakdown severity and rework. Moreover, rework has non-zero setup time, which makes the problem closer to real-world instances, and the machines require some preparations before starting a new production cycle. Thus, we introduce an Economic Production Quantity (EPQ) problem for an imperfect manufacturing system with non-zero setup times for rework items. The rework items are classi ed into several categories based on their types of failure and rework rates. The aim of this study is to obtain optimum production time and shortage in each period minimizing total inventory system costs. Convexity of the objective function and exact solution procedure for the current nonlinear optimization problem are also proposed. Finally, a numerical example is presented to assess e ciency and validity of the proposed algorithm.
Introduction
For any manufacturing organization, supply chain, inventory, and production management is vital to achieve success. In attaining the objectives of operation management, each company should e ectively utilize resources and try to minimize costs as much as possible. In today's competitive environment, every organization wants to make sure that their customers are satis ed with the quality of their products. On the other hand, no customer wants to compromise on the quality of the product. In the classic EPQ model, it is assumed that during a production run, 100% perfect products are manufactured, which is far from the reality. There are so many reasons for which a smaller percent the items produced will be imperfect, e.g., situations such as breakdown of the machine, interruption in manufacturing process, etc. Therefore, one cannot ignore the issue of imperfect production as it has direct side e ects on the reputation and good-will of the organization. Employing mathematical optimizations for inventory management dates back to more than a century ago when Ford Whitman Harris introduced classical Economic Order Quantity (EOQ) inventory model in 1913 [1] . This model is the foundation of lot-sizing models and one can consider Harris as the founder of the modern inventory studies [2] .
In 1918, Taft [3] proposed Economic Production Quantity (EPQ) by extending the aforementioned inventory model to a manufacturer that produced an item at a constant rate. The main drawback of such inventory models is their impractical assumptions. Therefore, several studies have relaxed these assumptions to make the models more applicable to realworld instances. For example, Hadley and Whitin [4] presented a summary of the EOQ inventory model and extended this model by taking shortage into account. Moreover, Parker [5] investigated reorder point and reorder quantities for an inventory system with stochastic demand and permissible backorder. On the other hand, Yao and Lee [6] , Lee and Yao [7] , and Bj ork [8] among others developed the EOQ model for instances of employing fuzzy numbers to approximate model parameters. Moreover, Silver [9] , Maddah and Jaber [10] , and Khan et al. [11] considered stochastic uncertainties in parameters under several assumptions.
Flawless products and perfect quality is another impractical assumption in the basic EOQ/EPQ inventory models. In organizations of the modern world, deteriorating items have drawn attention in di erent forms, i.e., scrapped, defective, reworked, obsolescent, etc. One of the rst instances of inventory models with deteriorating items was proposed by Whitin [12] , in which items became obsolete by time. Aggarwal and Jaggi [13] studied permissible delay in payments with deteriorating products. Wu et al. [14] studied an inventory system consisting in non-instantaneous deteriorating items with partial backordering. Chang et al. [15] developed the aforementioned model by maximizing total pro t, instead of minimizing cost per time unit, considering maximum inventory level constraint. Wu et al. [16] Producing several items on a machine is another realistic extension of EPQ inventory model. Rogers [36] proposed the rst instance of this kind of inventory model. Taleizadeh et al. [37] developed the aforementioned model with respect to shortage and imperfect production system with interruptions, scrapped items, and rework. Pasandideh et al. [38] proposed an EPQ inventory model for an imperfect production system with permissible shortage. They considered a machine that produced various quality items, i.e., perfect, scrap, and reworked. They considered diverse failure levels with their own rework procedures. This classi cation of rework made the inventory model more realistic by considering various types of production error. Nobil et al.
[39] considered utilization-allocation policy in an imperfect manufacturing system producing multiple products on several machines using single-machine properties and common cycle length to reduce calculation e orts in a hybrid genetic algorithm. Nobil and Taleizadeh [40] , Nobil et al. [41] , and Nobil et al. [42] have recently presented some inventory management studies with single-machine production system.
In this study, an imperfect production system with permissible shortages in backorder form is considered. A single machine produces a number of items including uncon rmed products in the form of rework or scrap. Like real-world production systems, there are various kinds of faults leading to various breakdown severity. As a result of diverse breakdown severity, products require di erent kinds of rework. Moreover, we extend Pasandideh et al. [38] research by considering non-zero setup times for rework as in Haji et al. [27] . By relaxing zero setup time, the mentioned problems would be a sub-problem of the current study and the problem becomes closer to real-world instances, in which machines require some preparations before starting a new production cycle. After proving convexity, employing an exact method developed based on the derivatives, the solution procedure for the current nonlinear optimization problem is proposed.
The remainder of this paper is as follows: The problem is de ned in Section 2. Section 3 proposes an exact algorithm for this problem. A numerical example is studied in Section 4 to assess e ciency of the proposed algorithm. Finally, the paper is concluded by proposing some future research directions in Section 5.
Problem de nition
In this paper, we address a multi-item single-machine production system with imperfect products. The imperfect products may be categorized into two kinds of de ciency, namely scrap and reworked, i.e., the products that are diagnosed as repairable after inspection process. The expected proportion of produced defective items is known and constant. Moreover, repairable products are categorized in a number of classes based on the severity of defects, which directly in uences the rework rate. Item i (i = 1; 2; ; m) is produced at the rate of (P i ) during regular production periods and i percent of the products are defective. The de ciency rate ( i ) is divided into i and i for scrap and reworked items, respectively. In other words, i = i + i , where i consists in n kinds of rework, i.e., v j i percent of item i products require the rework of type j and j = 1; 2; ; n. Therefore, the total proportion of products i that require rework ( i )can be stated as the sum of v j i , i.e., i = v 1 i + v 2 i + + v n i or i = P n j=1 v j i . Thus, we have:
Furthermore, in the proposed inventory system, all items are produced by one machine; this property lead to the following equation:
The following notations are employed to model the proposed non-linear single-machine inventory control problem with m kinds of items and n types of rework. Figure 1 . As it is demonstrated in Figure 1 , production rate of item i during regular cycle is (P i ) in which i percent of the products are defective; consequently, production rate of nondefective items of kind i per cycle equals (1 i )P i . On the other hand, production rate of non-defective items should be more than or equal to the demand rate (D i ). In other words, we have:
After accomplishing the regular production cycle and inspection, scrap items are disposed of and rework process should be initiated. In this study, we assume that rework process has a non-zero setup time equal to regular production setup time. Moreover, for the sake of simplicity and as a consequence of independency of setup times, we consider one setup time, namely G i , before starting all types of rework for item kind i. During setup time, no item is produced and item i is consumed at the rate of D i . The rework processes initiate at rates of 1 i ; 2 i ; ; and n i during the periods of t 2 i ; t 3 i ; and t n+1 i , respectively; during these periods, no scrap item is manufactured. Moreover, it is logical to assume that the rework process of products does not require more time than its corresponding regular production time does. In other words, the rework rate for a product is greater than or equal to its regular production rate, i.e., j i 1. Consequently, the demand rate (D i ) for product i is less than or equal to its rework production rate j i P i . In other words: j
Based on Figure 1 and the aforementioned conditions, inventory level at the end of each rework process can be stated as:
Therefore, the following is obtained:
Moreover, based on the inventory level and Figure 1 , each period length can be stated as:
Consequently, we have:
; j = 1; 2; ; n: (13) Thus:
On the other hand, we know that:
Based on the above-mentioned conditions, a period length can be obtained as:
Moreover, based on Eq. (A.4) stated in Appendix A, a cycle length can be calculated as:
and:
Objective function
The objective function of the proposed problem is to optimize total inventory costs, including annual setup costs for regular production cycles, annual setup costs for rework, annual production costs, annual inspection costs, annual disposal costs, annual rework costs, annual shortage costs, and annual holding costs. As it was mentioned before, setup cost of regular production cycle for item kind i is A i . Moreover, each year consists in N cycles and the sum of annual setup costs (SC) for regular production of all items is stated as:
On the other hand, setup cost of rework associated with item kind i per cycle is B i and a year consists in N cycles. Therefore, the sum of annual setup costs (UC) of rework for all items is as follows:
Production cost per item kind i equals Q i . As a result, production cost per cycle can be stated as c i Q i and the total production cost per year (P C) is:
Substituting Q i from Eq. (20) in Eq. (23), we have:
Inspection cost per item kind i is o i and production quantity of this kind of item per cycle is Q i . Therefore, inspection cost per cycle is o i Q i and annual inspection cost (IC) equals: 
Rework cost of type j per item kind i is r j i and quantity of the produced items requiring this type of rework per cycle is v j i Q i . Thus, rework cost type j per cycle is r j i v j i Q i and annual rework cost (RC) can be stated as:
As it can be seen in Figure 1 , the backordered demands for item kind i can be stated as S i (t n+3 i + t n+4 i )=2. Knowing that annual shortage cost for product kind i is L i , annual shortage cost (BC) is:
Substituting t n+3 i and t n+4 i with Eqs. (16) and (17), respectively, we have:
Annual holding cost for item kind i is h i and with respect to the area under the curve in Figure 1 , annual holding costs (HC) can be stated as:
This equation can be stated as follows. For calculations, see Eq. (B.10) in Appendix B:
Finally, based on Eqs. (21), (22), (24), (25), (26), (27), (29), and (31), the annual total cost can be calculated as follows:
where: 
Constraints
In the proposed problem, the main constraint addresses the production capacity of the machine. This constraint expresses that summation of production times for all items and their setup times should be less than or equal to the permissible production time of the machine. In other words, we have: 
Moreover, by di erentiating objective function (45) according to T , we have:
Then:
Substituting S i with Eq. (47), we have:
Based on the obtained solutions from Eqs. (47) and (50), optimum values associated with the model can be achieved using the following algorithm:
Step 1:
)) < 0, go to Step 2. Otherwise, the problem is infeasible and go to Step 14;
Step 2: If
) are simultaneously positive or negative, go to Step 3. Otherwise, the problem is infeasible and go to Step 14;
Step 3: Calculate T from Eq. (50) and go to Step 4;
Step 4: Based on the obtained values for T , calculate shortage quantities associated with items using Eq. (47) and go to Step 5;
Step 5: If S i 0 for all i = 1; 2; ; m, then go to
Step 9; else go to Step 6;
Step 6: If S i < 0 (i = 1; 2; ; m), calculate T L i = 4 i 5 i ; else for S i 0, let T L i = 0 and go to Step 7;  Step 7: Calculate T using: T = maxfT L 1 ; T L 2 ; ; T L m g; then, go to Step 8;
Step 8: Calculate S i for all i = 1; 2; ; m employing Eq. (47) with respect to T ; then, go to Step 9;
Step 9: Calculate values of T G and T X i (i = 1; 2; ; m), employing the following equations:
Step 10: Obtain T min employing:
T min = maxfT G ; T X 1 ; T X 2 ; ; T X m g; then, go to Step 11;
Step 11: If T T min , then T = T ; else T = T min and go to Step 12;
Step 12: Calculate S i for all i = 1; 2; ; m using Eq. (47) and go to Step 13;
Step 13: According to the obtained values for T and S i , calculate Q i and T C using Eqs. (20) and (32);
Step 14: Terminate the algorithm; if it is feasible, show solutions; else show infeasible.
Numerical experiment
In this section, we propose a numerical example to investigate e ciency of the proposed solution procedure for this model. The numerical example considers a production system consisting of two items produced by a single machine. Table 1 indicates the information associated with parameters of the proposed numerical example and costs of the system are proposed in Table 2 . The percentage of de cient items produced in the system can be calculated as follows: 1 Table 3 . Now, we calculate the optimum solution for the numerical example using the proposed algorithm in Section 3 as follows:
Step 1: Since: Step 2: Since both: Step 3: Calculate T as follows: Step 5: Since S 1 = S 2 = 0, go to Step 9;
Step 9: Obtain the values of T G , T X 1 , and T X 2 as follows: Step 10: T min is obtained as:
T min = maxfT G ; T X 1 ; T X 2 g= 0:0246286036910265; go to Step 11;
Step 11: Since T T min , we have T = T = 3:80821661358787; go to Step 12;
Step 12: Obtain S i with respect to calculated T as follows: 
Conclusion and suggestions
In this study, we investigated a defective single-machine manufacturing system for several commodities. The manufactured products may have problems with operator error, raw materials quality, and machine failure. Therefore, a percentage of the production may have a percentage of unacceptable quality. These defective products are identi ed by 100% inspection during production, and they are reworked or disposed of after normal production process. Goods that required rework were classi ed into several categories based on their types of failure, each with a di erent rework rate. In this system, there was a setup time to manufacture each item on the machine in a normal cycle; in the rework cycle, a new setup time was incurred. This study presented a single-machine lot-sizing problem for an imperfect manufacturing system with scrap and rework under non-zero setup times for rework items. The rework was classi ed into several categories based on the types of failure and rework rates. Considering the aforementioned conditions and permissible shortage backordered, the proposed problem was modelled as a non-linear programming model. The convexity of this model was proved and an exact algorithm was proposed. Finally, a numerical example was given to assess the e ectiveness of the proposed algorithm under di erent conditions.
Managerial insights
Taking into account the behavioral factors, this study investigates a fairly practical problem. Therefore, this research can provide production managers and planners with insights in their decision-making. The nonlinear lot-sizing model of this research integrates the production decisions, inventory, and rework. Thus, the model provides a good framework for the im-perfect manufacturing system with scrap and rework.
Limitations and future directions
This research considers only a de cient manufacturing system with permissible shortages. The production system consists in a single machine that manufactures items with a certain percentage of defective items that can be reworked or thrown away as scrap. For future work, one can consider di erent marketing and pricing policies with budget and storage space constraints. One can also consider the impact of information sharing between the manufacturer and the end user. 
Employing Eqs. (3) and (4), the following holds:
Substituting i from Eq. (1) in Eq. (A.3), we have:
Appendix B Calculating the holding cost The areas (5) 
